In this paper we discuss the question: among a group of decision making units (DMUs), if a DMU changes some of its input (output) levels, to what extent should the unit change outputs (inputs) such that its efficiency index remains unchanged? In order to solve this question we propose a solving method based on Data Envelopment Analysis (DEA) and Multiple Objective Linear Programming (MOLP). In our suggested method, the increase of some inputs (outputs) and the decrease due to some of the other inputs (outputs) are taken into account at the same time, while the other offered methods do not consider the increase and the decrease of the various inputs (outputs) simultaneously. Furthermore, existing models employ a MOLP for the inefficient DMUs and a linear programming for weakly efficient DMUs, while we propose a MOLP which estimates input/output levels, regardless of the efficiency or inefficiency of the DMU. On the other hand, we show that the current models may fail in a special case, whereas our model overcomes this flaw. Our method is immediately applicable to solve practical problems.
Introduction
DEA is a method for assessing the productive efficiency of DMUs such as the branches of a bank or schools which are homogeneous in the sense that they use the same types of resources (inputs) to produce the same kinds of goods or services (outputs). The pioneering work of the economist Farrell [1] provided a non-parametric method for determining the relative efficiency of a DMU. He presented a method of computing the facets of the efficient production frontier based on a set of empirical observed DMUs, rather than estimating the parameters of postulated production functions. The celebrated paper of Charnes et al. [2] introduced DEA, a linear programming technique, to measure Farrell type efficiency.
In recent decades, DEA has rapidly expanded into new applied areas (see [3] for a survey). In addition to its original use in efficiency measurement, DEA is also employed for approximating production possibility sets or input/output correspondence [4] , recovering shadow prices [5] , providing best practice benchmarks [6] , monitoring agency problems [7] and so on.
In an inverse optimization problem we need to use an optimal solution to determine parameter values. Indeed, we have a given feasible solution which is not optimal under the current parameter values of the system. We wish to adjust these parameter values as little as possible so that the feasible solution be optimized under the adjusted parameter values. More generally, we wish that after adjusting the parameters as little as possible, the optimal solution should possess some required properties. We refer for such problems and their solution techniques to Refs. [8] [9] [10] . On the other hand, Pendharkar [11] proposed a methodology that uses DEA for solving the inverse classification problem. An inverse classification problem involves finding out how predictor attributes of a case can be changed such that the case can be classified into a different and more desirable class. He showed that under the assumption of conditional monotonicity, and convexity of classes, DEA can be used for the inverse classification problem. Cherchye and Puyenbroeck [12] defined an inverse measure based on mix properties of the efficient reference. Recently, Wei et al. [13] introduced inverse DEA, to answer the following question: among a group of DMUs, if we increase certain inputs (outputs) of a particular unit, how much should the outputs (inputs) of the DMU be increased in order that the DMU retains its efficiency level with respect to the other DMUs? Yan et al. [14] discussed inverse DEA on the con ratio DEA model and applied it to the additional resource allocation problem. We deal with a more general case of the above-mentioned question in [13] . In fact in [13] only the increase of inputs (outputs) is considered where a unit may concern the increase of some of inputs (outputs) and decrease of the other inputs (outputs). This question is more general and includes [13, 14] as special cases. In this paper, we consider the arbitrary change in inputs (outputs) level and propose a MOLP model for estimating outputs (inputs). In order to estimate the output levels, Wei et al. proposed a MOLP when the DMU under evaluation is inefficient, and introduced a linear programming (LP) model when the DMU is weakly efficient. In this paper we show that this classification is not necessary and our model is able to estimate input/output levels, regardless of the efficiency level of the DMU. As a special case, we consider the case in which inputs (outputs) are simultaneously increased to cover [13] . In fact their model for efficient DMUs is a special case of the relevant MOLP. In addition, we show that the solution proposed by Wei et al. does not guarantee the efficiency result for input estimating. Indeed, their method may fail in a special case, where we propose some solutions to overcome this failure in their model.
The rest is organized as follows: in Section 2 we review DEA models and state our problem; in Section 3 we propose a generalized model for estimating input/output levels; Section 4 investigates some special cases which cover [13] and at the end introduces some solutions to modify [13] for a presented special case failure; we suggest three simple methods to solve the general model in Section 5; a series of real data is presented to substantiate the accuracy and applicability of our model in Section 6; finally conclusions are given in Section 7.
Background
Suppose we have n observations on n DMUs with input and output vectors (x j , y j ), for j = 1, 2, . . . , n. Let x j = (x 1 j , x 2 j , . . . , x m j ) t and y j = (y 1 j , y 2 j , . . . , y s j ) t , where x j ∈ R m , y j ∈ R s , x j > 0 and y j > 0, for j = 1, 2, . . . , n. The input matrix X and output matrix Y can be represented as
where X and Y are an (m × n) matrix and an (s × n) matrix, respectively. As outlined in [15] , four different production possibility sets are usually derived from the data set {(x j , y j ) : j = 1, . . . , n}. We define the most general production possibility set as T below:
where Λ is one of the following:
where λ = (λ 1 , . . . , λ n ) t ∈ R n . Therefore we obtain four production possibility sets, in which we denote T with T C , T V , T N I or T N D , when λ ∈ Λ C , λ ∈ Λ V , λ ∈ Λ N I , and λ ∈ Λ N D , respectively. When a DMU o , o ∈ {1, 2, . . . , n}, is under evaluation, we use an input-oriented DEA model as follows:
similarly, one can use an output-oriented model:
where T is one of T C , T V , T N I and T N D .
Consider the following question: if the outputs change and we desire the efficiency index θ I to remain unchanged, how much should the inputs of the DMU change? To solve our problem, suppose the outputs of DMU o are changed from y o to β o = y o + y o , where the vector y o ∈ R s . We need to estimate the input vector α o provided that the efficiency index of DMU o is still θ I . Here
For convenience, suppose DMU n+1 represents DMU o after changing its inputs and outputs. Hence, to measure the efficiency of DMU n+1 , we use the following model:
where
Definition 2. If the optimal value of problem (P + I ) is equal to the optimal value of problem (P I ), we say that the efficiency is unchanged and we write score(α o , β o ) = score(x o , y o ).
Generalized model
In this section we are going to answer our question. In fact we are looking for inputs that could produce β o and at the same time preserve the efficiency index. In other words, we find α o such that (α o , β o ) ∈ T and score(α o , β o ) = score(x o , y o ). Consider the following MOLP:
where β o and T are defined as before and θ I is the optimal value of problem (P I ).
. . , m and α * i < α i for at least one i, then we say (α o , λ) is a strongly efficient solution of (V I ).
For convenience, we say α o is a strongly (weakly) efficient solution of problem (V I ). Proof. First suppose α o is a weakly efficient solution of problem (V I ) and (θ 
On the other hand (α o , λ) is a feasible solution of (V I ) and θ I ≤ 1, then
Now according to (1) and (2),
Letλ = λ + λ + n+1 λ, and write (3) as
Using a similar method we have
and hence
It is easy to see thatλ = (λ 1 , . . . ,λ n ) t ∈ Λ. Thus (α o ,λ) is a feasible solution of problem (V I ) and there exists a k < 1 such that
therefore (kα o , β o ) is a feasible solution of (V I ) and kα o < α o . But this is impossible because α o is a weakly efficient solution of problem (V I ).
Conversely, let θ + I = θ I . We show that α o is a weakly efficient solution of problem (V I ). By contradiction assume α o is not a weakly efficient solution of problem (V I ), so there exists a feasible solution (α , λ ) of problem (V I ) such that α < α o . Since (α , λ ) is a feasible solution of problem (V I ), we have so there exists a k < 1 such that
is a feasible solution of (P + I ) and kθ I < θ I . But this is against the assumption that θ I is the optimal value of problem (P + I ). Consider the case that the DMU attempts to change input levels from x o to α o = x o + x o , x o ∈ R m , and suppose the efficiency index ϕ O of the unit remains unchanged. Now the question is: how many outputs should the DMU produce? The following theorem solves this problem.
Theorem 2. Let β o be a feasible solution of the following MOLP:
where ϕ O is given as the optimal value of problem
and only if β o is a weakly efficient solution of problem (V O ).
Proof. This is similar to the proof of the Theorem 1 only with some minor modifications.
Some special cases
In this section we consider some special cases. First consider the case that the input levels are increased and estimating the increment of the output levels is desired such that the efficiency index of the DMU remains unchanged. Consider the following MOLP:
where ϕ O is the optimal value of problem (P O ). Note that the above model is (V O ) only with the difference that the β ≥ y o is an additional constraint(s). It is easy to verify that β o is an estimation of the output levels when β o is a weakly efficient solution of (V O ). In this case the above model is the same as the model obtained by Wei et al. for inefficient DMUs. Besides, we see (in Section 5) that their model for weakly efficient DMUs is a special case of problem (V O ). Now consider the case in which DMU o retains current performance levels, but the output levels are increased and we want to know to what level the inputs of the DMU should be increased. According to [13] if DMU o is inefficient and α o is a weakly efficient solution of the following MOLP,
then, α o was claimed to be an estimation of the input levels. The following example illustrates that this is not true.
Example 1. Consider Table 1 .
Here we have 2 DMUs, A and B, with 2 inputs x 1 and x 2 and one output y. We take B into consideration in the BCC model, and solve problem (P I ) min θ
The optimal solution is (λ 1 , λ 2 ) = (1, 0) and θ I = 1 2 . Now suppose the output is increased from 1 to 3 2 , and we are interested in knowing how many more inputs the unit would require. Therefore we solve problem (V I ):
It can be seen that (α 1 , α 2 , λ 1 , λ 2 ) = (4, 4, 1, 0) is a weakly efficient solution of the above problem. Now let α B = (4, 4) and consider the problem (P
The optimal solution is (θ (2, 4, 1) and this contradicts the proposed solution in [13] for input estimation. In order to rectify this drawback we present two suggestions as follows: (1) We assume that the output levels are increased and the input levels are changed, then weakly efficient solutions of problem (V I ) are sufficient to estimate inputs. (2) If we are going to estimate the increment in the input levels, then the following theorem can be applied. Theorem 3. Let α o be a feasible solution of problem (V I ) and satisfy one of the following conditions:
(ii) α o is a weakly efficient solution of (V I ) and
Proof. Suppose θ I and θ + I are the optimal values of (P I ) and (P + I ), respectively. We must prove that θ + I = θ I . Similarly to Theorem 1 it is clear that θ Therefore we have: (i) If α o = x o , then according to the above constraints, it is obvious that (θ + I ,λ) is a feasible solution of problem (P I ). Hence θ I ≤ θ + I , which is a contradiction.
(ii) If α o is a weakly efficient solution of (V I ) and α o > x o then α o is a weakly efficient solution of (V I ). Thus, the proof follows from Theorem 1. (iii) When α o is a strongly efficient solution of (V I ), then we have two possibilities: (iii1) α o = x o . In this case the proof is the same as case (i).
That is, there exists at least one i, 1 ≤ i ≤ m, such that α i > x io . In this case, it is easy to see that there is a k > 0 such that (α k ,λ) is a feasible solution of problem (V I ), where α k = α o − ke i and e i is the i-th unit vector in R m . But this is against the assumption that α o is a strongly efficient solution of problem (V I ).
Solving the relevant MOLP
There are several methods that we can apply to solve a MOLP (see e.g. [16] ). Here we propose and investigate three simple methods for solving (V I ) or (V O ):
(1) Consider that all inputs are weighted (priced) and the weights (values) are known. Let w i , i = 1, . . . , m, be the value weight for unit of input i. So to solve (V I ) we suggest the following LP model:
Example 2. Consider Table 2 . In this 
The optimal value is θ = 0.889. Now suppose the output vector is changed from y B = (100, 3) t to β B = (90, 5) t and let W = (1, 3) The optimal solution is α 1 = 13.498, α 2 = 10.124, λ 5 = 1.000 and the other variables are equal to zero. Thus the DMU should provide input vector α B = (13.498, 10.124) t to produce output vector β B = (90, 5) t .
(2) Suppose we desire to change inputs into a radial form, that is, α o = z X o , where z is a parameter. We offer the following LP to be applied for solving (V I ):
Remark 1. If we consider the outputs estimate then the corresponding model is as follows:
Now, when DMU o is weakly efficient then
The above model is the same as presented in [13] for weakly efficient DMUs, indeed it is actually a special case of (V O ).
Example 3. Consider Table 3 with 4 DMUs (A, B, C, D), 3 inputs (x 1 , x 2 and x 3 ) and a single output (y).
Consider C in the CCR model:
The optimal solution is (λ 1 , λ 2 , λ 3 , λ 4 ) = (1, 0, 0, 0) and θ I = 1 2 . Suppose the change has a radial form and output level is increased from 1 to 3. In order to estimate the input levels we solve the following LP: min z s.t. λ 1 + λ 2 + 2λ 3 + 2λ 4 ≤ z 2λ 1 + λ 2 + 10λ 3 + 5λ 4 ≤ 5z
The optimal solution is (λ 1 , λ 2 , λ 3 , λ 4 ) = (3, 0, 0, 0) and z = 3. So the input levels should be increased from (2, 10, 5) t to α C = (6, 30, 15) t . The optimal solution is β 27 = (132133.12, 22533.86, 25172.93) t , λ 1 = 0.019, λ 24 = 0.134 and the other variables are equal to zero. Thus the DMU should produce the output vector β 27 by utilizing input vector α 27 = (18.08, 45645, 60115) t to retain its efficiency index.
Conclusions
In this paper we discuss this problem: how should we control the changes in input/output levels of a given DMU such that the efficiency index of the DMU is preserved. To solve the problem we propose a MOLP model. The model is immediately applicable and easily implemented for solving practical problems. Our method in comparison with current methods has some advantages, as follows.
(1) Other methods estimate inputs (outputs) for a given DMU when some or all outputs (inputs) are increased, while we consider the general case: the increase of some inputs and the decrease due to some of the others may be taken into account at the same time. (2) To estimate input/output levels [13] employs a MOLP for the inefficient DMUs and a linear programming when the DMU is weakly efficient, while we propose a MOLP which is able to estimate input/output levels, regardless of the efficiency or inefficiency of the DMU. The previous method may fail for input estimation, whereas our method overcomes this drawback.
